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Abstract
A class of closed algebraic curves (circuits) is considered. These circuits have the property
of Poncelet quadrics. The circuits are generated by matrices which admit unitary bordering.
The link between spectral properties of the matrices and geometrical properties of the circuits
is studied. © 2001 Elsevier Science Inc. All rights reserved.
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1. Matrices generating Poncelet curves
Consider two nested convex circuits K and C, and the procedure illustrated in
Fig. 1: choose a point z0 on C, draw the support line to K from z0 leaving K to the
left, find intersection z1 of the line with C and iterate, taking z1 as a new starting
point, finding z2, and so on. It may happen that after a finite number of iterations, the
intersection point returns back to the initial position, i.e., after N iterations, zN = z0.
Moreover, it may happen that zN = z0 for any starting point z0. That is what happens
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Fig. 1. Finding z1, z2, . . .
if K and C are ellipses, and there is an N-sided polygon inscribed in C and circum-
scribed about K. Indeed, as stated in the famous closure theorem by Jean-Victor
Poncelet, if zN = z0 for one starting point z0, then any starting point on C returns
back to the initial position after N iterations. See [1–8] for the history of Poncelet’s
theorem and its classical and modern proofs.
Two nested ellipses are not the only circuits with such properties. Independent-
ly, Gau and Wu [7] and Mirman [8] generated circuits with these properties by a
specially constructed square matrices (UB-matrices). These matrices are considered
as operators in Hilbert space. Their main feature is that UB-matrices admit unitary
bordering. The study of such operators was initiated by Livshitz [9].
Definition 1. Convex circuit K is called Poncelet curve of rank N with respect to
(w.r.t.) a convex circuit C, if for any point z ∈ C, there exists an N-sided polygon P
which is circumscribed about K, inscribed in C and z is a vertex of P.
Below, the external circuit C is assumed to be the unit circumference in the com-
plex plane of ξ + iη, unless noted otherwise. The following proposition is proved in
[7, Theorem 3.1; 8, Theorem 7]:
Proposition 1. For any convex N-sided polygon P inscribed in a circle C, and for
any (N − 1) points ζj chosen on (N − 1) sides of P, there exists a Poncelet curve
K w.r.t. C of rank N such that K is inscribed in P and ζj are the tangent points. K is
an algebraic curve of class not more than (N − 1). (The class of K is the degree of
the equation for K in the tangent coordinates, see Remark 1.)
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The entire set of common (tangent) points of P and K is not arbitrary. The N th
tangent point is defined uniquely by the given tangent points and vertices of P. The
relationship of locations of the tangent points is especially important for the fur-
ther analysis. Let ζj be on the side of P that joins vertices eiψj and eiψj+1 . Denote
pj = |eiψj+1 − ζj |/|eiψj+1 − eiψj | (j = 1, . . . , N , ψN+1 = ψ1). Then
N∏
j=1
pj
1 − pj = 1, (1)
i.e., the product of ratios in which the sides are divided by the tangent points is equal
to 1. This is valid for any Poncelet curve w.r.t. a circle, and follows from the “lever
rule” of Section 2 below.
A UB-matrix T is a contraction such that there exists a unitary dilation U of the
size greater than the size of T by one. The boundary K = ∂(T ) of the numerical
range of T is a Poncelet curve w.r.t. C of the rank that is equal to the size of U . The
equation of ∂(T ) is defined by the maximum eigenvalue λ = λ(ϕ) of Hermitian
matrix (e−iϕT ):
P(λ, cos ϕ, sin ϕ) = det
(
(e−iϕT )− λ
)
= 0. (2)
K is the envelope of chords
ξ cosϕ + η sin ϕ = λ(ϕ), (3)
where λ(ϕ) is the distance from the origin to the tangent to K (line (3)), taken with
“+” if the origin is not separated from K by the line, and taken with “−” otherwise.
Fig. 2 shows the angle ϕ and the direction of line (3). This direction is to the left if
λ(ϕ) > 0 and we see the line from the origin.
Equations for K are as follows:
ξ = λ(ϕ) cosϕ − λ′(ϕ) sin ϕ, (4)
η = λ(ϕ) sin ϕ + λ′(ϕ) cosϕ,
where λ′(ϕ) is the derivative of λ(ϕ) w.r.t. ϕ.
Example. If K is an ellipse with center c + id and semiaxes a, b that are parallel to
ξ and η axes, respectively, then
(λ(ϕ)− c cosϕ − d sinϕ)2 − (a2 cos2 ϕ + b2 sin2 ϕ) = 0.
Remark 1. u = − cosϕ/λ(ϕ) and v = − sin ϕ/λ(ϕ) are the so-called tangent co-
ordinates of K. The u–v dependence defines the curve K˜ which is called the associ-
ated curve for K or the Legendre transform of K. If K˜ is an algebraic curve of degree
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Fig. 2. Definition of λ(ϕ).
k, then K is an algebraic curve of class k, as well as the degree of K is the class of
K˜. Degree n and class k satisfy the Plu¨cker inequalities
n  k(k − 1), k  n(n− 1).
In particular, n = 2 iff k = 2.
UB-matrix T can be received from a unitary matrix U with distinct eigenvalues
by striking out a row and a column. More accurately,
T = (I − ww∗)U (I − ww∗) , (5)
where w is a unit vector which is not orthogonal to any eigenvector ofU . T is consid-
ered as an operator on the (N − 1)-dimensional subspaceLN−1 = (I − ww∗)HN
which is orthogonal to w. Here,HN is an N-dimensional Hilbert space.
For a given polygon P, the unitary matrix U is defined by the vertices of P – as
the eigenvalues of U . Vector w is defined by the given tangent points [8]. Namely, if
eiψj , j = 1, . . . , N , are the eigenvalues of U , e(j) – the corresponding eigenvectors,
then
〈w, e(j+1)〉 = −〈w, e(j)〉
√
pj
1 − pj , j = 1, . . . , N − 1.
If a Poncelet curve is generated by a UB-matrix, then its geometric and algebraic
properties may be extracted from the properties of the UB-matrix and the bound-
ary of its numerical range. The next three sections demonstrate applications of the
“numerical-range” approach to determine some features of Poncelet curves.
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1.1. Locus of the centroids
1.1.1. Generalization of American Monthly Problem 10542 [10]
Theorem 1. Let K be a Poncelet curve of rank N generated by a UB-matrix T .
Consider family P of N-sided polygons inscribed in C and overscribed about K.
For such a polygon, assume that there are unit masses in its vertices. Then the locus
of the centroids of these masses is the circumference with center trace(T )/N and
radius |det(T )|/N . This circumference is traversed N times by the centroid as a
vertex traverses C once.
Proof. The polygons of P may be described as the boundaries of the numerical
ranges of the unitary matrices
Uγ = U
(
I − ww∗ + eiγ ww∗
)
.
The locus of the centroids is the set of points zγ = trace(Uγ )/N , or
zγ = trace(U)
N
+
(
eiγ − 1
) trace(Uww∗)
N
= trace(U)
N
+
(
eiγ − 1
) 〈Uw,w〉
N
.
It is shown in [8] that trace(U) = trace(T )+ 〈Uw,w〉 and |〈Uw,w〉| = |det(T )|.
Hence,∣∣∣∣zγ − trace(T )N
∣∣∣∣ = | det(T )|N .
If γ traverses [0, 2], then a vertex of P traverses an arc of C to the neighboring
vertex. There are N such arcs. So, the locus of the centroids is a circumference
which is traversed N times by the centroid as a vertex traverses C once. The center
and radius of this circumference are as stated in the theorem. 
Corollary. If 0 is an eigenvalue of T , then the locus degenerates into one point: for
any γ , zγ = trace(T )/N.
1.2. Proof of Poncelet closure theorem for a convex polygon
The classical Poncelet curves—ellipses—can be generated by UB-matrices. This
provides us with a proof of the Poncelet closure theorem. An especially short proof
is for the case of a convex polygon.
Theorem 2. Let ellipse K be inscribed in a convex N-sided polygon P which, in
turn, is inscribed in the unit circle C. Then K is a Poncelet curve of rank N w.r.t. C.
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Proof. First notice that if N-sided polygon P is overscribed about a circle K, then
the tangent points divide the sides of P in ratios which satisfy Eq. (1). This is also
true when K is an ellipse. Indeed, an affine transformation of this ellipse to a circle
does not change the ratios.
Now, let ζj (j = 1, . . . , N) be the common (tangent) points of K and P. Deter-
mine Poncelet curve K1 in accordance with Proposition 1 for polygon P and (N − 1)
points ζj . It follows from Eq. (1) that the N th tangent point is also in common
for K and K1. Therefore, these curves have N common tangent points. However,
the classes of these curves are 2 and k  N − 1, respectively. Hence ellipse K and
Poncelet curve K1 coincide by Bezout theorem – because 2N > 2(N − 1). 
Remark 2. The presented proof suggests that there may exist a similar way to
determine a UB-matrix for algebraic curves of high classes. More tangent points
may be required to conclude that the given circuit coincides with the Poncelet curve
constructed by a UB-matrix.
Problem 1. Let mN-gons be inscribed in the circle C and overscribed about a circuit
K of class k  2 and for each of them, the tangent points satisfy Eq. (1). Let, further,
2mN > k(N − 1). (6)
Is K a Poncelet curve w.r.t. C?
From Theorem 2, the answer is Yes for k = 2 (and then m = 1). What about
k > 2? This problem relates to the following question.
1.3. Can any Poncelet curve be generated by a UB-matrix?
This question was raised by Rodman [11] and Kordonsky [12]. Generally speak-
ing, the answer is No. In order to construct a Poncelet curve which is not an algebraic
one (and therefore cannot be generated by a matrix), let us consider another way to
study Poncelet curves. This way is based on a measure density on C that is originated
by a convex circuit K inside C, where K is not necessarily a Poncelet curve.
Namely, for a point M1 on C, let chord M1M2 be a tangent to K such that K
is to the left of M1M2. Transform R : M1 → M2 is a mapping of C to itself. On
arcs of C, we define a measure which is invariant w.r.t. R and normalized to the
unity. Following King [5], we will call this measure Poncelet measure. Obviously,
any chord of C that supports K spans an arc of a constant measure. This procedure
may be considered in the reverse order. First we may choose a number 0 < ρ < 1
and a measure density h(ψ) on eiψ ∈ C such that∫ 2π
0
h(ψ) dψ = 1
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and then consider chords Hρ which span arcs of the measure ρ, i.e., arcs [eiϕ1, eiϕ2]∫ ϕ2
ϕ1
h(ψ) dψ = ρ.
Then the chosen measure is R-invariant for the envelope K of chords Hρ .
For the case when C and K are ellipses, Kolodziej [13] and King [5] derived
an explicit formula for a measure density on C that is invariant w.r.t. R. For ex-
ample, if C is the unit circle, and K is the circle with real center α and radius r
(|α ± r| < 1), then the explicit formula for a normalized (to the unity) and invariant
w.r.t. R measure density h(ψ) may be chosen as follows:
h(ψ) = const√
1 + α2 − r2 − 2α cosψ , (7)
where
const = 1
/∫ 2π
0
dψ√
1 + α2 − r2 − 2α cosψ .
1.3.1. Example of a non-algebraic Poncelet curve
Let h(ψ) = (1 + 0.5 cosψ)/(2π), and chords [eiϕ1, eiϕ2] be spans of arcs of
measure 1/3:∫ ϕ2
ϕ1
h(ψ) dψ = 1
3
.
Denoting ϕ = (ϕ2 + ϕ1)/2 and ζ = (ϕ2 − ϕ1)/2, we obtain the equation for λ(ϕ) =
cos ζ as follows:
2ζ + cosϕ sin ζ = 1
3
.
Hence, the tangent equation of the envelope K of the considered chords is not alge-
braic. Still, K is a Poncelet curve w.r.t. C of rank 3.
However, if we impose some constraints on the nature of the Poncelet curve,
then there exists a UB-matrix which generates this curve. This is possible for two
reasons: (i) Eqs. (4) are applicable not only to convex curves. (ii) The requirements
to be convex are not essential for K in Definition 1 and for P in Proposition 1. Instead
of a convex circuit, we may consider a circuit K with the following property:
• For any angle ϕ, there exists one and only one tangent line to K that satisfies Eq.
(3) and directs as shown in Fig. 2.
Then λ(ϕ) is defined for any ϕ, and we denote the circuit K {λ(ϕ)}. Obviously,
K {−λ(ϕ + π)} = K {λ(ϕ)} . (8)
Definition 2. Circuit K with the property (•) is called generalized Poncelet curve
of rank N w.r.t. C, if for any point z ∈ C, there exists an N-sided polygon P such
that: (i) each side of P is tangent to K, (ii) P is inscribed in C, and (iii) z is a vertex
of P.
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If T is a UB-matrix of size k, then all eigenvalues of (e−iϕT ) are simple for all
ϕ [8]. They may be arranged in descending order
λ1(ϕ) > λ2(ϕ) > · · · > λk(ϕ).
Let us denote Kj = K
{
λj (ϕ)
}
. K1 is the boundary of the numerical range of T ,
and consequently the envelope for sides of the polygons inscribed in C and over-
scribed about K1. Kj is the envelope for diagonals of these polygons – diagonals
which miss (j − 1) vertices. Because of Eq. (8), it makes sense to consider only
l = [(k + 1)/2] circuits K1, . . . ,Kl . Not all of these circuits are necessarily con-
vex. The convex ones (as K1) are Poncelet curves, the non-convex are generalized
Poncelet curves.
Notice: “to be generated by a UB-matrix T ” means that the Poncelet curve is one
of the circuits Kj (j = 1, . . . , l), not necessarily the boundary (T ) = K1 of the
numerical range of T . For example, the UB-matrix
T =


α α2 − 1 α3 − α α4 − α2 α5 − α3
0 α α2 − 1 α3 − α α4 − α2
0 0 α α2 − 1 α3 − α
0 0 0 α α2 − 1
0 0 0 0 α


with small positive α is such that circuit K2 is a Poncelet curve of rank 3 and class
5. However the boundary of the numerical range of any UB-matrix cannot be K2
because the polynomial of Eq. (2) for this particular T is irreducible.
Tangent points on Kj (j > 1) are defined uniquely by the tangent points on K1.
Namely, denote ζj (j = 1, . . . , N) the common (tangent) point of K1 and the side of
P1 which joins eiψj and eiψj+1 . Then the tangent point ζ on the diagonal which joins
vertices eiψ1 and eiψj+1 of P1 is such that
|ζ − eiψ1 |
|ζ − eiψj+1 | =
|ζ1 − eiψ1 |
|ζ1 − eiψ2 |
|ζ2 − eiψ2 |
|ζ2 − eiψ3 | · · ·
|ζj − eiψj |
|ζj − eiψj+1 |
. (9)
A series of nested circuits is typical for the Poncelet curves, regardless how the
curves are constructed. In the terms of measure, Kj is the envelope of chords Hρ
which span arcs of measure ρ = j/N , j = 1, . . . , l = [N/2].
Definition 3. The set of all curves Kj , j = 1, . . . , [N/2], is called a package of
Poncelet curves.
Now we can formulate a sufficient condition for a Poncelet curve to be generated
by a UB-matrix.
Theorem 3. Let K {λ(ϕ)} be a Poncelet curve w.r.t. C. If there exists a polynomial
P(λ, cos ϕ, sinϕ) such that
(i) λ(ϕ) is a root of this polynomial,
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(ii) for any root λ˜(ϕ) of this polynomial, the circuit K{λ˜(ϕ)} is from one package of
Poncelet curves,
then there exists a UB-matrix which generates this package.
The proof follows from the Bezout theorem similarly to the proof of Theorem 2.
Remark 3. Perhaps the conditions of Theorem 3 are excessive. For a Poncelet curve
K, we can find as many polygons as we want inscribed in C and overscribed about
K, and for all of them, the tangent points satisfy Eq. (1). Hence, inequality (6) is
satisfied for any algebraic Poncelet curve, and if Problem 1 has the positive answer,
then any algebraic Poncelet curve may be generated by a UB-matrix. In particular,
this means that if P is irreducible, then (ii) follows from (i). Is this conclusion still
correct even if the Problem 1 has the negative answer?
Problem 2. If P is irreducible, does (ii) follow from (i)? In other words, if P is irre-
ducible, and one of its roots generates a Poncelet curve, do other roots also generate
Poncelet curves? Are all these roots from one package?
2. “Lever Rule” for invariant measure density
Consider again mapping R : M1 → M2 of C to itself, measure density h(ψ), as
described above, and chord M1M2 which is tangent to circuit K. King [5] showed
that if K is an ellipse, then the values of h(ψ) at the ends of this chord define the
location of the tangent point. This relationship is also valid in a more general case.
Let a positive function h(ψ) be defined on eiψ ∈ C, and∫ 2π
0
h(ψ) dψ = 1. (10)
Consider chords which join eiϕ1 and eiϕ2 , and such that∫ ϕ2
ϕ1
h(ψ) dψ = ρ. (11)
We denote the set of these chords Hρ .
Theorem 4. Let convex curve K be the envelope for the chords of Hρ . If ρ is
rational, ρ = k/N with the smallest N , then K is a Poncelet curve of rank N w.r.t.
C.
Proof. Indeed, for any ϕ1, we can determine ϕ2 = f (ϕ1) such that Eq. (11) holds.
Putting ϕj+1 = f (ϕj ), j = 2, . . . , N , we obtain an N-sided polygon with verti-
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Fig. 3. To the proof of Eq. (2).
ces eiϕj , j = 1, . . . , N . Each side of this polygon supports an arc of C that has
measure ρ. Because of Eq. (10), ϕN+1 = ϕ1 + 2πk, i.e., the polygon closes after
N steps. 
Let z be the common tangent point of curve K and a chord ∈ Hρ which joins eiϕ1
and eiϕ2 . It follows from Fig. 3 that
dϕ2
dϕ1
= |e
iϕ2 − z|
|z− eiϕ1 | . (12)
On the other hand, differentiating equation (10) w.r.t. ϕ1, we have
h(ϕ2)
dϕ2
dϕ1
− h(ϕ1) = 0. (13)
Eqs. (12) and (13) yield to the following:
Theorem 5. Let curve K be the envelope for the chords of Hρ and z be the common
tangent point of K and the chord which joins eiϕ1 and eiϕ2 . Then
h(ϕ2)|eiϕ2 − z| = h(ϕ1)|z− eiϕ1 |. (14)
In other words, consider the chord as a lever loaded at the points eiϕ1 and eiϕ2 with
weights h(ϕ1) and h(ϕ2), respectively. Then z is the support point at balance of the
lever.
Remark 4. Jacobi proved the Poncelet theorem for the case when C and K are
circles, applying equations which are similar to Eqs. (7), (12) and (13). See [14] for
details.
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Corollary. Let Poncelet curve K be the envelope for the chords of Hρ , polygon P
be inscribed in C and overscribed about K, and ζj ∈ K be on the side of P that joins
vertices eiϕj and eiϕj+1 , j = 1, . . . , N , ϕN = ϕ1 + 2πk. Let, further, pj = |eiϕj+1 −
ζj |/|eiϕj+1 − eiϕj |. Then Eq. (1) takes place
N∏
j=1
pj
1 − pj = 1.
Indeed, it follows from Eq. (14) that
h(ϕj )
h(ϕj+1)
= |e
iϕj+1 − ζj |
|ζj − eiϕj |
= pj
1 − pj .
Thus,
N∏
j=1
pj
1 − pj =
h(ϕ1)
h(ϕ2)
· h(ϕ2)
h(ϕ3)
· · · h(ϕN)
h(ϕ1)
= 1.
3. Numerical-range measure density
Some general algebraic and geometric properties of Poncelet curves can be de-
rived from Eq. (4), where the curve coordinates ξ and η are expressed through the
distance λ(ϕ) from the origin to a tangent line (Fig. 2). Let a Poncelet curve of rank
N be generated by a UB-matrix T of size N − 1. Then λ(ϕ) is an eigenvalue of the
Hermitian matrix (T e−iϕ). As shown in [8, p. 70], λ(ϕ) can be determined from
an equation expressed through the parameters of an N-sided polygon overscribed
about the Poncelet curve and inscribed in the unit circle. In other words, λ(ϕ) is
expressed through the eigenvalues eiψj and eigenvectors e(j), j = 1, . . . , N , of the
corresponding unitary matrix as follows:
N∑
j=1
|〈w, e(j)〉|2/[cos(ψj − ϕ)− λ(ϕ)] = 0.
(Recall that eiψj are the vertices of the polygon, and |〈w, e(j)〉| are defined by the
tangent points of the Poncelet curve.)
This λ(ϕ) can also be determined through the eigenvalues of the UB-matrix T .
Sometimes it is more convenient than the equation with the parameters of a unitary
matrix. Indeed, let us consider the following problem: What are the conditions on
the eigenvalues of T that would make all Poncelet curves generated by T quadrics?
This is the classical case of the Poncelet ellipses of one package (see Definition 3
in Section 1). The eigenvalues of T are the foci of these ellipses. Hence an equation
for λ(ϕ) expressed through the eigenvalues of T answers the question. The desired
equation may be derived based on a measure density.
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3.1. Measure density as a function of eigenvalues of a UB-matrix
For j = 1, . . . , [(k + 1)/2] and 0  ϕ < 2π , each root λj (ϕ) of Eq. (2) defines a
curve Kj = K
{
λj (ϕ)
}
by Eq. (4). In particular, K1 = (T ). Polygon P = (U)
is inscribed in C and overscribed about K1. For j > 1, any diagonal of P, that “miss-
es” (j − 1) vertices, is tangent to Kj . If Kj is convex, then Kj is a Poncelet curve
of rank m w.r.t. C, where
m = k + 1
Greatest Common Divisor (k + 1, j) .
Let us again define the mapping R : C → C by K1 = (T ): the chord, which joins
eiϕ1 and R eiϕ1 = eiϕ2 , is tangent to K1 leaving K1 to the left from the chord. There
exists [8, p. 65] an R-invariant measure on C such that the measure density h(ψ) is
as follows:∫ ϕ2
ϕ1
h(ψ) dψ = 1
k + 1 , (15)
h(ψ) = 1
2π(k + 1)
{
1 + ||
(
T − eiψIk
)−1
(Uw − 〈Uw,w〉w) ||2
}
. (16)
As shown in [8, p. 67], the upper triangular form of T is
T =


κ1 sin θ1 −κ1 cos θ1 cos θ2 . . . −κ1 cos θ1 sin θ2 . . . sin θk−1 cos θk
0 κ2 sin θ2 . . . −κ2 cos θ2 sin θ3 . . . sin θk−1 cos θk
. . . . . . . . . . . .
0 0 . . . κk sin θk

 ,
where |κj | = 1, and κj sin θj = αj , j = 1, . . . , k, are the eigenvalues of T . There-
fore,
h(ψ) = 1
2π(k + 1)

1 +
k∑
j=1
1 − |αj |2
|αj − eiψ |2

 .
Indeed,
QUw = −


κ1 cos θ1 sin θ2 sin θ3 · · · sin θk
κ2 cos θ2 sin θ3 · · · sin θk
· · ·
κk−1 cos θk−1 sin θk
κk cos θk

 ,
(T − eiψIk)−1 =


(α1 − eiψ)−1 r12 r13 . . . r1k
0 (α2 − eiψ)−1 r23 . . . r2k
. . . . . . . . . . . . . . .
0 0 0 . . . (αk − eiψ)−1

 ,
where one can check that
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rj,j+1 = κj cos θj cos θj+1
(αj − eiψ)(αj+1 − eiψ)
and for m > j + 1,
rjm = κj cos θj cos θm
(αj − eiψ)(αm − eiψ)
m−1∏
l=j+1
κl − sin θleiψ
κl sin θl − eiψ .
Therefore,
(T − eiψIk)−1QUw = (R1, . . . , Rk)tr,
where
Rk = κk cos θk
αk − eiψ
and for j < k
Rj = κj cos θj
αj − eiψ
k∏
l=j+1
κl − sin θleiψ
κl sin θl − eiψ .
Hence,
|Rj |2 = cos
2 θj
|αj − eiψ |2 =
1 − |αj |2
|αj − eiψ |2 .
Thus, for any −π  ϕ1 < π , ϕ1 < ϕ2 < 2π + ϕ1, and −π  argαj < π , we have:∫ ϕ2
ϕ1
h(ψ) dψ= ϕ2 − ϕ1
2π(k + 1) +
1
π(k + 1)
×
k∑
j=1
{
πδj + arctan
(
1 + |αj |
1 − |αj | tan
ϕ2 − argαj
2
)
− arctan
(
1 + |αj |
1 − |αj | tan
ϕ1 − argαj
2
)}
,
where δj = 0, if the interval
(
ϕ1 − argαj , ϕ2 − argαj
)
does not contain−π, π, 3π ,
and δj = 1 otherwise.
3.2. Relation between spectra of UB-matrix T and (T e−iϕ)
It follows from
R
(
eiϕ1
)
= eiϕ2
that
ϕ2 + 2
k∑
j=1
arctan
(
1 + |αj |
1 − |αj | tan
ϕ2 − argαj
2
)
+ 2π
k∑
j=1
δj
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Fig. 4. Geometrical sense of φ = arctan (1−|α|2) sin ζ
(1−|α|2) cos ζ−2|α| cos(ϕ−argα) .
= ϕ1 + 2
k∑
j=1
arctan
(
1 + |αj |
1 − |αj | tan
ϕ1 − argαj
2
)
+ 2π(l + 1),
where l is the number of “missed”vertices for the chord which joins eiϕ1 and eiϕ2 .
Substituting ϕ = (ϕ1 + ϕ2)/2, ζ = (ϕ2 − ϕ1)/2, and λ(ϕ) = cos ζ , we have:
tan

ζ + k∑
j=1
arctan
(1 − |αj |2) sin ζ
(1 + |αj |2) cos ζ − 2|αj | cos(ϕ − argαj )

 = 0. (17)
Eq. (17) is to determine roots λj (ϕ) of Eq. (2) for a UB-matrix. The extra root
λ = ±1 (i.e., sin ζ = 0) of Eq. (17) should be excluded because all eigenvalues of
(e−iϕT ) are inside C. The geometrical sense of the angle
φj = arctan (1 − |αj |
2) sin ζ
(1 + |αj |2) cos ζ − 2|αj | cos
(
ϕ − argαj
)
is shown in Fig. 4: φj + ζ is the angle of the view of arc [ϕ1, ϕ2] from the point αj
(eigenvalue of T ). The measure of any arc of C is defined by these angles.
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